We derive a homogenized mechanical model of a masonry-type structure constituted by a periodic assemblage of blocks with interposed mortar joints. The energy functionals in the model under investigation consist of (i) a linear elastic contribution within the blocks, (ii) a Barenblatt's cohesive contribution at contact surfaces between blocks, and (iii) a suitable unilateral condition on the strain across contact surfaces, and are governed by a small parameter representing the typical ratio between the length of the blocks and the dimension of the structure. Using the terminology of G-convergence and within the functional setting supplied by the functions of bounded deformation, we analyze the asymptotic behavior of such energy functionals when the parameter tends to zero, and derive a simple homogenization formula for the limit energy. Furthermore, we highlight the main mathematical and mechanical properties of the homogenized energy, including its non-standard growth conditions under tension or compression. The key point in the limit process is the definition of macroscopic tensile and compressive stresses, which are determined by the unilateral conditions on contact surfaces and the geometry of the blocks.
Introduction
In this work, we examine the mechanical modeling of a class of materials referred to as masonry-like materials. Such materials are characterized by different behaviors in tension or compression, possibly undergoing fracture. A noteworthy instance in that class is represented by dry masonry, typical of historical buildings, consisting of an assemblage of blocks that are in unilateral contact with each other. The fact that the blocks can be detached at no energy expense results in a fully degenerate overall behavior, with vanishing resistance of the material under tension and the possibility of an unresisted cracking process. Alternative to dry masonry, in building practice it is widespread to interpose mortar joints between bricks. In that case, blocks are still in contact with each other, but a (small) resistance to their detachment is offered by the mortar, which is responsible for cohesive tractions resisting the cracking process.
A first general mathematical treatment of the dry-masonry problem goes back to the works by Giaquinta and Giusti [1] and Anzellotti [2] . In those works, in the framework of infinitesimal strain theory and under the assumption of a linear elastic behavior, energy of deformations of the form
are considered, where O & R n is a reference configuration domain, g is a linear elastic energy density, and Eu is the strain associated to the displacement field u. The degeneracy of the material under tension is modeled by the introduction of a cone K of tensile strains, such that only the projection P K ? Eu of the strain onto the dual cone K ? of compressive strains determines energy storage. This degenerate behavior implies that the energy of deformation G is not coercive on any reasonable normed space of admissible displacements. However, by replacing the energy of deformation with the total potential energy (i.e., considering also the contribution of the work of the external forces) and introducing suitable safety conditions (indeed prescribing the external forces to be compressive), coerciveness can be recovered in the space BD O ð Þ of functions of bounded deformation on O; that is, the space of functions whose distributional strain Eu is a measure [3] . Following the direct method of the calculus of variations, existence theorems are derived by showing that the total potential energy fulfills a lower-semicontinuity property on BD O ð Þ as well. A mechanical insight in the subject can be found, e.g., in [4, 5] .
As an alternative to that macroscopic description of a masonry material, a microscopic approach has been adopted in [6] . In that approach, the assemblage of blocks interacting through their contact surfaces is regarded as the periodic microstructure of a material whose macroscopic properties are determined by homogenization; i.e., by analyzing its asymptotic behavior as the characteristic size of the microstructure vanishes. In mathematical terms, a n À 1 ð Þ-dimensional periodic closed set B is introduced, to be scaled by the characteristic size e of the microstructure, and the reference configuration O is subdivided into a periodic collection of disconnected sets OneB. A space of admissible displacements is then considered as a prescription for the block kinematics:
where SBD O ð Þ is the space of special functions of bounded deformation on O (see, e.g., [7] ), J u is the jump set of u, u 6 are the traces of u on both sides of J u , and n u is the unit normal to J u . This analytical description translates the fact that the admissible displacements are functions whose jumps localize at the interfaces of the blocks and fulfill a unilateral condition prescribed by the cone of matrices K 0 . Possible choices for that cone include K 0 = a b : b = la, l ø 0 f g or K 0 = a b : a, b ð Þø 0 f g , respectively implying an infinitesimal no-sliding condition (i.e., infinite friction assumption) and a detachment condition on the opening of a crack (i.e., vanishing friction assumption). Upon noticing that admissible displacements u are such that u 2 H 1 OneB ð Þ, and hence the strain Eu reduces to its absolutely continuous part Eu with respect to the Lebesgue measure on OneB, the following microscopic linearly elastic energy is considered in [6] :
with A as a fixed fourth-order tensor. A homogenized energy density g hom can be defined from A and B by a homogenization formula optimizing over periodic perturbations of a given strain. The function g hom may vanish on a set of matrices, which we denote as K hom , the cone of the homogenized tensile strains. Under the assumption that g hom Á ð Þ = g hom ðP K ?
hom ÁÞ (which is satisfied in usual examples), it is shown that this microscopic approach leads to a masonry-type energy; more precisely, that the family G e ð Þ G-converges as e ! 0 + to a homogenized energy G hom on BD O ð Þ of the form As regards the problem of masonry with mortar joints between bricks, many contributions from the mechanical literature could be mentioned, including macromechanical continuum models based on phenomenological constitutive laws (e.g., [8] [9] [10] ), micromechanical models (e.g., [11, 12] ), and homogenized multiscale models (e.g., [13] [14] [15] ). However, a rigorous mathematical treatment seems to be missing in the framework of homogenization theory for periodic masonry with mortar joints on the space of functions of bounded deformation, i.e., explicitly considering fractures as stemming from discontinuous displacement fields.
To develop such a homogenization theory, the approach discussed in [6] can be taken as the point of departure. In particular, accounting for the mortar requires the inclusion of some surface energy contribution on the discontinuity set eB at the microscopic level. Here we focus on Barenblatt's model of cohesive fracture, prescribing an isotropic surface energy, positively homogeneous of degree one [16] . Accordingly, we are led to consider the family of functionals F e ð Þ given by
with the space of admissible displacements U e O ð Þ given in (1.1). The main result of the present work consists in proving that the functionals F e ð Þ G-converge as e ! 0 + to a homogenized energy F hom on BD O ð Þ given by
where f hom is a cohesive homogenized energy density, f ' hom is the recession function of f hom , E s u denotes the singular part of the strain Eu with respect to the Lebesgue measure and the space of homogenized admissible displacements U hom O ð Þ is the same as that appearing in (1.2) in the case of dry masonry. Note that in this case no projection structure can be obtained in the limit energy. This allows to remove the assumptions on the cohesive homogenized energy density f hom required for the homogenization result in [6] . We give an explicit homogenization formula for the energy density f hom , which depends on both the microgeometry B and the cone K 0 . It is noteworthy to observe that such energy density satisfies a non-standard growth condition
so that the present homogenization theorem does not fit in the framework of any of the general integral representation results as in [17, 18] . As for the growth condition from below, that condition cannot be improved. In fact, we prove that the homogenized energy density f hom has sublinear growth over the cone K hom of homogenized tensile stresses as a natural mechanical consequence of the surface Barenblatt's energy contribution at microscopic level. Furthermore, the growth condition from below allows the homogenized energy F hom to be regarded as an instance of demi-coercive functionals, as introduced in [19] , thus implying an existence theorem for the related minimization problem. Energies of the form (1.3) have been broadly investigated as the relaxation in the L 1 -topology of functionals defined on SBD O ð Þ and involving interaction between bulk and surface energies (see, e.g., [20] [21] [22] ). In particular, connections can be found with the result discussed in [22] , where the relaxation of elastic energies with unilateral constraints on the strains is considered. Some contact points can also be recognized with homogenization results discussed in [23] [24] [25] . Specifically, in [23] , the problem of periodic homogenization in perfect elasto-plasticity is discussed. In [24] , the homogenization of integral functionals involving energies concentrated on periodic multidimensional structures and defined on Sobolev spaces with respect to measures is considered. In [25] , the homogenization of many-body structures undergoing large displacements and obeying a non-interpenetration constraint is dealt with. As a major difference, the large-displacement framework calls for a functional setting in the space BV (instead of BD) and the non-interpenetration constraint translates into a global condition (instead of a local condition governed by the cone K 0 ). To the best of the authors' knowledge, functionals of the form (1.3) are new in the context of homogenization theory for masonry structures on BD.
The present work is organized as follows. In Section 2 we set the main notation and collect some definitions and well-known results needed in the subsequent developments. We discuss the problem statement and the main result in Section 3. Section 4 is devoted to an illustration of the main result in a onedimensional setting. That discussion is instrumental as it highlights some properties of the homogenized energy density which are explored in the general case in Section 5. We give the proof of the main result in Section 6. Conclusions and perspectives are outlined in Section 7.
Notation
We denote by Á, Á ð Þ and Á j j the scalar product and the induced norm in R n , for any n ø 1. Upon identification with the space R mn , the same notation is also adopted for the vector space M m × n of m × n real matrices. The symbol M n × n sym is used for the subspace of symmetric matrices in M n × n . In particular, for j 2 M n × n , we denote by j s its symmetric part. Given j 2 M n × n , we write u j for the linear function u j x ð Þ = jx. Given a, b 2 R n , the tensor product a b is the n × n matrix with entries a i b j for i, j = 1, . . . , n. The symmetric tensor product is defined as is the recession function of f (see, e.g., [26] ) defined by
The space BD
The space BD O ð Þ of functions of bounded deformation is the space of the functions u 2
we consider the Radon-Nikodym decomposition of the strain
where Eu is the density of the absolutely continuous part of Eu with respect to L n and E s u is the singular part of Eu with respect to L n . We further decompose E s u into a jump part E j u = Eu L J u and a Cantor part
and E c u j j B ð Þ = 0 on any Borel subset B O which is s-finite with respect to H nÀ1 . The space SBD O ð Þ of special functions of bounded deformation in O is the space of the functions u 2 BD O ð Þ such that E c u is the null measure; i.e., satisfying
Þis bounded.
G-convergence.
Let X , d ð Þ be a metric space and F h ð Þ be a sequence of functionals from X into R. We say that F h ð Þ Gconverges to F in X with respect to the topology induced by d if the following conditions are satisfied:
(i) for every x 2 X and for every sequence
Under appropriate coercivity conditions, G-convergence guarantees the convergence of the minimum values of the functionals F h to the minimum value of their G-limit.
Setting of the problem and main result
Let O be a bounded open set of R n . For Y = ½0, 1) n the unit cube of R n , we consider a closed rectifiable Y -periodic n À 1 ð Þ-dimensional subset of R n , i.e., such that B + k = B for all k 2 Z n . Accordingly, O is partitioned into a periodic collection of disconnected sets (Figure 1(a) ).
We fix a positive-definite symmetric linear operator A :
for suitable constants a, M . 0. We assume that K 0 is a closed cone in M n × n sym consisting of matrices of the form a b, satisfying the following convexity assumption:
For e . 0, we define the functionals F e :
where the set U e O ð Þ of admissible displacements is given by
(a) (b) Figure 1 . Setting of the problem: (a) reference configuration O is subdivided into a periodic collection of disconnected sets OneB (blocks) by the periodic microstructure eB (interfaces) and (b) typical admissible displacement field, i.e., in U e O ð Þ, yielding fracture.
i.e., consists of all special functions with bounded deformation whose jump set is contained in eB and such that the density of the singular part of the strain belongs to the cone K 0 (Figure 1(b) ), which describes the admissible singular part of the strain. Accordingly, over the set of admissible displacements, the material behaves as a linear elastic medium within brick regions OneB, and a surface energy over interfaces between adjacent bricks, following the Barenblatt's model of cohesive fracture [16] , is considered. Possible fractures localize over such interfaces and produce displacement jumps obeying the unilateral constraint associated to K 0 .
Our aim is to study the asymptotic behavior of F e as e ! 0 + in the sense of G-convergence. To this end, we define the (candidate) homogenized energy density as given by the cell problem
sym . Moreover, we introduce the homogenized cone K hom associated to the microgeometry B and the cone K 0 as the set
i.e., the domain of the recession function f ' hom of the homogenized energy density f hom . We denote by K ? hom the cone orthogonal to K hom , i.e.,
and by P K ? hom the orthogonal projection on K ?
hom . The homogenization theorem for functionals in (3.3)-(3.4) takes the following form.
sym consisting of matrices of the form a b and satisfying condition (3.2). Then the family F e ð Þ of functionals defined by
where f hom is the homogenized energy density in (3.5) and the set U hom O ð Þ of homogenized admissible displacements is
with K hom the homogenized cone associated to B and K 0 defined by (3.6).
A one-dimensional model problem
In this section we consider an illustration of the homogenization result stated in Theorem 3.1 referring to a one-dimensional setting. In such a context, the only choices for the microgeometry set B and the cone K 0 involved in the unilateral constraint on the strain, are B = Z and K 0 = ½0, + ') respectively. Hence, the cell problem (3.5), yielding the homogenized energy density f hom , reduces to
for all j 2 R. Problem (4.1) turns out to be simplified when, instead of an admissible displacement function u, its periodic partũ = u À u j is considered as unknown. Indeed, by an integration by parts, it follows that
Assume first that j ł 1. Since the second term of the energy is positive for any admissible functionũ, the minimum is attained in H 1 R ð Þ. In particular, a minimizer is given byũ = 0, and we obtain the solution
Next we assume j . 1. In such a case, because of their opposite sign, there is a competition between the first and the second energy terms. We claim that the functionũ x ð Þ = À j À 1 ð Þx on Y , extended by Yperiodicity over R, is a minimizer. In fact, for that choice the energy is equal to j À 1=2 and coincides with the estimate from below in the next Proposition 5.1. Accordingly, we derive the solution
in which x b c denotes the integer part of x. The homogenized energy density f hom is depicted in Figure 2 , whereas Figure 3 shows the admissible displacement minimizer in its computation for strains (a) j ł 1 and (b) j . 1.
Upon observing that the recession function f ' hom of the homogenized energy density f hom is Figure 2 . One-dimensional model problem: homogenized energy density.
from (3.6) the homogenized cone K hom associated to the microgeometry B and the cone K 0 results to be
in particular, coinciding with K 0 itself. Hence, for a bounded open set O of R, the homogenized functional F hom given in (3.7) is expressed as
with the space U hom O ð Þ of homogenized admissible displacements given in (3.8)
It is worth noting some properties enjoyed by the homogenized energy density f hom in the present onedimensional model problem.
(i) It exhibits a mixed growth. In fact, it is quadratic under compression j\0, where no cracking occurs, and linear under tension j . 1, where cracking occurs accompanied by expense of cohesive fracture energy. Interestingly, in the tensile region 0\j\1 no fracture develops: in mechanical terms, that corresponds to the capability of the material to sustain moderate tensile stresses; in mathematical terms, the expense of fracture energy is not convenient compared to that of elastic energy under moderate tensile strain. 
Some properties of the homogenized energy density
This section is devoted to some properties of the homogenized energy density f hom defined in (3.5). We first show that it satisfies a non-standard growth condition. That fact descends from the structure of the cell problem (3.5), as it consists in the sum of a quadratic elastic energy and a linear interface energy.
Proposition 5.1. There exist constants c 1 , c 2 . 0 such that the homogenized energy density f hom satisfies
(a) (b) Figure 3 . One-dimensional model problem: admissible displacement minimizer in the computation of the homogenized energy density. The strain is (a) j ł 1 and (b) j . 1.
Proof. Let j in M n × n sym be fixed. The estimate from above is an immediate consequence of taking u j as a test function in (3.5):
As for the estimate from below, we first enlarge the space of test functions by removing the kinematical constraints in (3.5):
Then, it suffices to observe that for a function u in
g, where a is given by (3.1). h Note that both estimates in Proposition 5.1 cannot be improved. Concerning the one from above, the following result holds.
Proposition 5.2. The homogenized energy density f hom is such that
where the periodicity ofũ has been used in the integration by parts (for the integration by parts of BD functions, see, e.g., [27] ), and the last inequality follows from the fact thatũ
h On the other hand, by definition (3.6), the energy density f hom is sublinear over the homogenized cone K hom . We now supply an alternative characterization of such a cone. Heuristically, suppose that the minimum in (3.5) is attained. Then, one might expect that over K hom the absolutely continuous part of the strain associated to the minimizer is almost everywhere vanishing. Hence, if there were no surface energy, over the cone K hom we would have a vanishing energy density. Otherwise stated, K hom might be characterized as the kernel of the energy density obtained by dropping off the surface energy contribution instead as the cone where the homogenized energy density f hom is sublinear.
The argument above suggests to introduce an energy density g hom by the following cell problem formula
and to define the associated kernel
Note that the function g hom and the cone H hom have been subject of investigation in [6] , in the context of a homogenization result for the purely degenerate case of dry-masonry structures. The major step for proving that in fact H hom coincides with K hom is addressed in the following proposition, where it is shown that the homogenized energy density f hom is sublinear over H hom . To this end, we introduce the technical assumption that the orthogonal cone K ? of the closed convex hull K of K 0 has non-empty interior.
Proposition 5.3. Let K denote the closed convex hull of K 0 and assume that the orthogonal cone K ? has non-empty interior. Then there exists a constant c . 0 such that the homogenized energy density f hom satisfies
Proof. The proof will be carried out through several steps.
Step 1. If j is an interior point of K such that j k k = 1, then there exists a constant c 0 . 0 such that
g , we have c 0 . 0 and the claim follows.
Step 2. There exists a constant c . 0 such that R
e. on the jump set J u .
Let j be an interior point of K ? such that j k k = 1. Integrating by parts and exploiting the Y -periodicity of u, we have Z
By Step 1, since
Analogously, as by assumption
with c 1 . 0 a suitable constant. Hence, by (5.3) and (5.4) we obtain
By the continuity of the projection operator, we conclude Z
with c = 1=c 1 , which is the desired result.
Step 3. There exists a constant c . 0 such that f hom j ð Þ ł c j j j for all j 2 H hom .
Let j 2 H hom . By definition of the masonry homogenized energy density (5.1), we can consider a mini-
For t . 0, we set u t h = tu h . Since u t h is a test function for the computation of the homogenized energy density f hom , we obtain
ð5:5Þ
Sinceũ h is Y -periodic andũ
Step 2 we derive Z
Finally, from (5.5) we obtain
and by the arbitrariness of t . 0 the proof is concluded. h We are finally in a position to conclude that H hom coincides with K hom .
Corollary 5.4. Let K denote the closed convex hull of K 0 and assume that the orthogonal cone K ? has nonempty interior. Moreover, let K hom and H hom be the two cones respectively defined in (3.6) and (5.1)-(5.2). Then, K hom = H hom .
Proof. By Proposition 5.3, we obtain that H hom K hom . For the opposite inclusion, we first observe that g hom is homogeneous of degree two outside of H hom . Accordingly, since f hom ø g hom , it follows that f hom has growth of order two outside of H hom . Hence M n × n sym nH hom M n × n sym nK hom , and the proof is accomplished. h
Proof of the main theorem
The proof of Theorem 3.1 is obtained at the end of the section, as a consequence of the following propositions, which adapt to the present case the localization methods of G-convergence and homogenization. From now on, O will be a fixed bounded open subset of R n .
A compactness result
In order to prove a compactness result for the integral functionals (3.3), we resort to the localization method of G-convergence [18, 28] . Accordingly, we extend the definition of the functionals F e explicitly highlighting the dependence on the open set of definition. Such functionals, defined on L 2 O; R n ð Þ× A O ð Þ and still denoted by F e , are then given by
with the set of admissible displacements U e A ð Þ given by (3.4) with A in place of O. The crucial result we prove is the following so-called fundamental estimate for the family F e ð Þ. 
where S = A 00 nA 0 ð Þ\O.
Proof. Let h . 0, A 0 , A 00 , and O be fixed as in the statement. Let A 1 , . . . , A k be open sets satisfying the property 
on J w i , by the convexity assumption (3.2) on K 0 , we obtain that w
Þand we have
We estimate the last term:
where we have set
Þ . As the sets T i are pairwise disjoint and
where M = cM 0 =k. From Equation (6.1), it follows that
and the proof is complete. h Next, we derive the following compactness result on the family F e ð Þ.
Proposition 6.2. Let e h ð Þ be a sequence of positive numbers converging to zero. Then there exists a subsequence e s h ð Þ À Á of e h ð Þ and a functional F :
Proof. Using Proposition 6.1, the proof follows from the general localization method of G-convergence (for an illustrative description of the method, see Chapter 16 in [28] ; a detailed proof of the method is given in [18] , where, relying on the fundamental estimate, it is developed through Theorems 8. On account of Proposition 6.2, we intend to identify the G-limit of a convergent sequence of functionals F e . Therefore, we assume that a sequence e h ð Þ of positive numbers converging to zero is given, such that for every A 2 A 0 O ð Þ the limit
Unfortunately, in investigating a representation of the limit F, we cannot directly resort to existing general results because the functionals F e do not fulfill standard growth conditions on the whole space BD A ð Þ \ L 2 A; R n ð Þ. To bypass this difficulty, we first restrict our attention to the behavior of F on H 1 A; R n ð Þ, where the growth condition of order two from above can be exploited. Then, we extend such representation on BD A ð Þ \ L 2 A; R n ð Þby convexity arguments. A first result concerns the translation-invariance properties of the limit F. Lemma 6.3. Let F be defined as in (6.2). Then, for every A 2 A 0 O ð Þ and u 2 domF Á, A ð Þ, the following properties hold:
for every a 2 R n and y 2 R n , with t y u À Á x ð Þ = u x À y ð Þand t y A = A + y.
Proof. These are general properties of the G-limit of periodic energies, which can be deduced with minor modifications, e.g., as in Lemma 3.7 in [29] . h By exploiting that the limit F satisfies a growth condition of order two on H 1 O; R n ð Þ, we can then prove that it admits an integral representation. In particular, the relevant density function is convex, satisfies a growth condition of order two and depends on the symmetric part of the gradient only. Proposition 6.4. There exists a unique convex function f : M n × n ! ½0, + ') enjoying the following properties:
Proof. The functional F :
) enjoys the assumptions required in Theorem 1.1 in [30] . Namely, for every u, v 2 
gives the integral representation We now show that f is constant with respect to its first argument. Let x, y 2 R n be fixed. Upon observing that t yÀx u j = u j À j y À x ð Þand t yÀx B r x ð Þ = B r y ð Þ, from Lemma 6.3 we obtain
Moreover, f depends only on the symmetric part of the gradient, i.e., f j
Set v e h = u e h + h À j ð Þx and note that v e h 2 U e h A ð Þ,
and by symmetry f h ð Þ = f j ð Þ. Finally, (i) follows from (6.5) and (ii) follows from (6.4), whereas the uniqueness of f follows from (6.3) . h
Characterization of the homogenized energy density
In the previous section we have proven that the G-limit F of a convergent sequence of functionals F e h ð Þ admits an integral representation on H 1 O; R n ð Þ. We are now in a position to show that the density f indeed coincides with the homogenized energy density f hom defined in (3.5) . In particular, that implies that f does not depend on the sequence e h ð Þ. 
: ð6:6Þ
For the bulk energy term we obtain
whereas for the surface energy term
Finally, from (6.6) we obtain
and the proof is concluded. h We conclude this section with a corollary immediately descending from Propositions 6.4, 6.5, and 6.6, which characterizes the G-limit F of a convergent sequence of functionals F e h ð Þ on Sobolev functions. 
Characterization of the homogenized functional
In this section we conclude the proof of Theorem 3.1 by showing that
As a preliminary step, we prove a lower-semicontinuity result on the functional F hom .
Þwith respect to the weak convergence in BD A ð Þ.
Þ weakly converging to a function u in BD A ð Þ. Accordingly, there exists a subsequence u h j À Á such that Eu h j weakly Ã converges to Eu in
denote the infimal convolution of f hom and l Á j j. Then u l enjoys the following properties: (i) u l ł l Á j j, (ii) u l is convex, and (iii) u l increasingly converges to f hom for l " '. Using a classical theorem by Reshetnyak on convex functional of measures [31] , properties (i) and (ii) imply that
whence by Fatou's lemma
which concludes the proof. h We are now in position to prove the G-liminf inequality. A convexity method through convolution is employed to exploit the integral representation of the G-limit on Sobolev functions. Proposition 6.9. Let e h ð Þ be a sequence of positive numbers converging to zero. Then there exists a subsequence 
Next, we observe that the functional F Á, A ð Þ is lower semicontinuous and convex on
Since F is translation invariant (Lemma 6.3), we obtain
In particular, because t Ày A j O for every y 2 B h , we obtain 
Taking the supremum with respect to j 2 N, we conclude
and the proof is accomplished. h Next we prove the G-limsup inequality. In doing so, we resort to the lower semicontinuity of the G-limsup, in combination to an approximation through convolution, to exploit the integral representation of the G-limit on Sobolev functions. The proof is finally obtained by invoking an approximation result on convex functionals of measures (see Lemma 5.2 in Chapter 2 of [3] ), stating that the functional evaluation for a mollified measure can be estimated from above with the functional evaluation for the measure itself. Finally, we obtain
which is the desired result. h
Conclusions and perspectives
In the present work, we have discussed a homogenization result dealing with masonry structures constituted by an assemblage of blocks with interposed mortar joints. The departure point of the derivation has been regarding such structures as a periodic collection of disconnected sets (blocks) interacting through their boundaries (interfaces). Accordingly, we have considered a sequence of energy functionals (scaling with the size of the microgeometry) on the space of special functions of bounded deformation comprising (i) a linear elastic behavior in the blocks, (ii) a Barenblatt's cohesive contribution at interfaces, and (iii) a unilateral condition on the strain across interfaces. Exploiting the notion of G-convergence, we have analyzed the asymptotic behavior of such energy functionals, thus obtaining a simple homogenization formula for the limit energy. We have investigated the behavior of the limit energy, highlighting its mathematical and mechanical main properties. Among them, we have in particular focused on the non-standard growth conditions under tension or compression.
Various additional questions and several perspectives arise from the presented results. One is to generalize this approach to the case of a more complicated energy contribution on interfaces, for instance mimicking a plastic behavior or friction. Furthermore, most of these problems can be rephrased in a nonlinearly elastic framework. Finally, yet requiring to abandon many of the techniques exploiting the convexity assumption here adopted, an interesting direction of investigation might be the extension to the Griffith theory of brittle fracture.
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